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Abstract. This paper establishes unique solvability of Graphon Mean Field Game
equation. A special case with constant Graphon yields the proof for Mean Field
Game equation.

1. Introduction

MFG theory is originated in the equations for dynamical games with (i) large finite
populations of asymptotically negligible agents together with (ii) their infinite limits,
in the work of Huang, Caines, and Malhame (e.g., [9, 11, 10]), and independently in
that of Lasry and Lions (e.g., [16]). PDE formulation for the MFG is MFG equation,
which is coupled with backward HJB and forward FPK equations.

The basic structure of the MFG assumes the symmetry of the players. A recent
study by [1, 2, 7] studied an incorporation of Graphon theory (e.g., [17]) to MFG
framework, which remarkably enriched global symmetry in MFG theory to a locally
symmetric ones. This model proposes a new type of PDE system, namely GMFG
equation and our goal is to establish the unique solvability of the GMFG equation
in an appropriate function space.

GMFG is consisted of a collection of parameterized HJB(α) and a collection of
parameterized FPK(α) with α ∈ [0, 1]. The solution of GMFG is a pair of functions
(v, µ), where v[α] = v(t, α, x) solves HJB(α) and µ[α] = µ(t, α, x) solves FPK(α).
The coupling of the system is from the aspects below:

• FPK(α) is dependent to HJB(α) through its first order coefficient ∂xv.
• HJB(α) is dependent to FPK(α′) for all α′ ∈ [0, 1] through the graphon g

acting on µ(α′); This is the major difference from MFG.

GMFG with a constant graphon reduces to classical MFG and the original ideas
of solvability of classical MFG are helpful in this sense, see [10], [3], [19], [18], and
[8]. One approach by Schauder’s fixed point theorem can be sketched as follows. Let
X = [0, T ] and Y = P1 be a metric space. Schauder’s theorem asserts the existence
of a fixed point for a mapping Φ : C(X, Y ) 7→ C(X, Y ), if

• The mapping Φ is continuous.
• There exists a closed convex set D ⊂ C(X, Y ) such that its range Φ(D) is

included in D∩R, whereR is a bounded set in Hölder space Cγ(X, Y ). Then,
Φ(D) is included in a compact set in C(X, Y ).
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In this work with GMFG, the above scheme is adopted with X = [0, T ] and Y =
[0, 1]× P1 for a mapping Φ = Φ2 ◦ Φ1 : C(X, Y ) 7→ C(X, Y ) given by Φ1 : µ 7→ ∂xv
and Φ2 : ∂xv 7→ ν. It is noted that, as the bridge of Φ1 and Φ2, the analysis on ∂xv
is crucial in this work.

In contrast to MFG, the major difficulty is to obtain the regularity of the solution
with respect to the geographical variable α, which is essential to the existence result
by Schauder’s fixed point theorem. To be more illustrative, for instance, to obtain
a uniform first order estimate of |∂xv(t, α, x)− ∂xv(t, α′, x)|, one has to compare the
solutions from two different HJBs parameterized by α and α′. This leads to a study
of the sensitivity with respect to coefficient functions of corresponding PDEs.

Another technical aspect arises as we consider the domain of Φ in C space. Since
the input µ of Φ is only continuous, the cost function (non-homogeneous term) of
HJB equation is only continuous in t-variable. Unfortunately, to the best of our
knowledge, the regularity results of parabolic PDEs are often available when the
coefficient functions are at least Hölder continuous in t variable. For this reason,
we included the regularity results for parabolic PDE solutions by dropping Hölder
continuity to continuity for its coefficients. It is worthwhile to note that a closed
bounded set R in Cγ space is (1) not closed in C space, while it is Cγ space, (2)
not compact in Cγ space, while it is in C space. Therefore, one can not validate
Schauder’s fixed point even if Φ : R 7→ R is shown continuous.

The rest of the paper is organized as follows. Section 2 is the problem setup.
Section 3 presents the regularity of parabolic PDE with non-Hölder coefficients and
FPK. Section 4 is the existence result. Section 5 is the uniqueness.

2. Problem setup

Let T be 1-torus. A generic agent can be identified by its state pair (x̄) = (α, x) ∈
[0, 1]×T, where α is the cluster (geographic) index and x is a pure (non-geographic)
state. Geographic connection between clusters are given by a function g : [0, 1]2 7→ R,
which is commonly referred to the Graphon. The population density at α will be
given by m(α) ∈ P1(T), where P1(T) is the probability space on T endowed with
1-Wasserstein metric d1(·, ·).

Example. Two examples of graphons are given below: A uniform graphon is defined
by

g(α, α′) = 1, ∀α, α′ ∈ [0, 1] (1)

and a non-uniform graphon is given by

g(α, α′) = 1−max{α, α′}, ∀α, α′ ∈ [0, 1] (2)
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A running cost (Lagrangian) incurred to the generic agent of x̄ at a control exertion
a is given by

`(m, g, x̄, a) =
1

2
a2 + `1(m, g, x̄). (3)

The following cost can be considered for `1 as an example

`1(m, g, x̄) =

∫ 1

0

∫
T
`2(x, y)m(α′, dy) g(α, α′) dα′. (4)

for some `2 : T× T 7→ R.
Let b1, b2 be given constants with b2 6= 0 and m0 : [0, 1] × T 7→ R+ be a given

function. GMFG equation is to solve unknown triples (v, a∗, µ)

• the value function v : [0, T ]× [0, 1]× T 7→ R,
• optimal control a∗ : [0, T ]× [0, 1]× T 7→ R,
• and the density µ : [0, T ]× [0, 1]× T 7→ R+,

satisfying
∂tv(t, x̄) + (b1 + b2a

∗(t, x̄))∂xv(t, x̄) +
1

2
∂xxv(t, x̄) + `(µ(t), g, x̄, a∗(t, x̄)) = 0

a∗(t, x̄) = arg min
a∈R
{(b1 + b2a)∂xv(t, x̄) + `(µ(t), g, x̄, a)}

∂tµ(t, x̄) = −∂x((b1 + b2a
∗(t, x̄))µ(t, x̄)) +

1

2
∂xxµ(t, x̄)

v(T, x̄) = 0, µ(0, x̄) = m0(x̄).
(5)

We want to establish existence, uniqueness for the solution of (5) in an appropriate
solution space.

3. Some regularity results

We are going to present some regularities on the parabolic PDE and FPK equation
with traditional domain (0, T )× T.

3.1. Parabolic equation. Consider equation{
∂tu = ∂xu+ 1

2
∂xxu− cu+ f, on (0, T )× T

u(0, x) = 0, on x ∈ T. (6)

3.1.1. Solvability. If the coefficients c and f are Hölder in both variables (t, x), then
it is solvable, see its proof in Theorem 8.7.2 and Theorem 8.7.3 of [14], Theorem
IV.5.1 of [15].

Lemma 1. If c, f ∈ Cδ/2,δ([0, T ) × T) holds for some δ ∈ (0, 1), then there exists
unique solution u ∈ C1+δ/2,2+δ([0, T )× T) of (6) satisfying

|u|1+δ/2,2+δ ≤ Ψ(|c|δ/2,δ, |f |δ/2,δ).
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for some positive increasing function Ψ.

For our purpose, we need solvability and regularity when c and f are in C0,2. By
losing Hölder in t, Lemma 1 is not applicable any more. On the other hand, the
viscosity solution exists uniquely for (6) for c, f are merely continuous, see [6] and
[4].

Lemma 2. If c, f ∈ C([0, T ) × T) holds, then there exists unique viscosity solution
v ∈ C([0, T )×T). Moreover, the v(t, x) = u(T −t, x) has a probability representation
of

v(t, x) = G[c, f ](t, x) := E
[ ∫ T

t

exp{−
∫ s

t

c(r,X t,x(r))dr}f(s,X t,x(s))ds
]

(7)

where

X t,x(s) = x+ (s− t) +W (s)−W (t) (8)

for some Brownian motion W .

Another notion for (6) is the weak solution, see more details in [5]. If we define a
linear operator

Lu = ∂tu− ∂xu−
1

2
∂xxu (9)

then it’s adjoint operator is

L∗φ = −∂tφ+ ∂xφ−
1

2
∂xxφ.

The u is said to be weak solution if it satisfies∫ T

0

∫
T
u(L∗ + c)φdxdt =

∫ T

0

∫
T
fφdxdt

for all φ ∈ C∞c ([0, T )× T).
For linear equations, the viscosity solution and weak solution are equivalent for

u ∈ C([0, T )× T), see [12].

Lemma 3. The function u(t, x) = v(T − t, x) defined with probability representation
v of Lemma 2 is the unique weak solution of (6).

3.1.2. Better regularity. First result is on |u|0 = sup([0,T )×T) |u(t, x)|.

Lemma 4. If c, f ∈ C([0, T )× T), then u of (6) with |u|0 ≤ e|c|0T |f |0T .

Proof. If c = 0, then with u1 = |f |0t,

Lu1 − f = |f |0 − f ≥ 0.
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If c 6= 0, then with u2 = |f |0(e|c|0t−1)
|c|0 ,

(L+ c)u2 − f = |f |0e|c|0t
(

1 +
c

|c|0

)
− c

|c|0
|f |

= |f |0(e|c|0t − 1)
(

1 +
c

|c|0

)
+ |f |

≥ f.

Note that both u1 and u2 are no greater than e|c|0T |f |0T , and finally the comparison
principle yields the result. �

Next, we will see that under better regularity of c and f in x, u of (6) is continu-
ously differentiable in x. First, we will show that ∂xu exists in weak sense if c and f
are Lipschitz in x. Note that , if f is Lipstchiz in x uniformly in t, then there exists
∂xf in weak sense with its Lipschitz constant |∂xf |0.

Lemma 5. If c and f are continuous in t and Lipschitz in x uniformly in t, then
∂xu exists in weak sense and satisfies |∂xu|0 ≤ Ψ(|c|0,1, |f |0,1) with

Ψ(k1, k2) = T (1 + k1T )ek1Tk2.

Proof. u of (6) can be written by u(t, x) = G[c, f ](T − t, x) with G of (7). By using
Lipschitz continuity on c and f and mean value theorem, one can directly derive that

|G[c, f ](t, x1)−G[c, f ](t, x2)| ≤ e|c|0TT (|∂xf |0 + |∂xc|0|f |0T )|x1 − x2|,
which yields the result. �

Formally, if u of (6) is smooth enough, one can taking derivatives to the equation
to conclude that ∂xu is the solution of the following equation of ū dependent to c, f
and u of (6). {

∂tū = ∂xū+ 1
2
∂xxū− cū− u∂xc+ ∂xf, on (0, T )× T

ū(0, x) = 0, on x ∈ T (10)

Indeed, this is valid if c, f ∈ C0,1 is assumed.

Lemma 6. If c, f ∈ C0,1([0, T ) × T), then u of (6) is in C0,1([0, T ) × T) and ∂xu
satisfies |∂xu|0 ≤ Ψ(|c|0,1, |f |0,1) with Ψ of Lemma 5.

Proof. By Lemma 3, we have∫ T

0

∫
T
u(L∗ + c)φdxdt =

∫ T

0

∫
T
fφdxdt

for all φ ∈ C∞c ([0, T )× T). We can replace test function φ by ∂xφ in the above and
have ∫ T

0

∫
T
u(L∗ + c)∂xφdxdt =

∫ T

0

∫
T
f∂xφdxdt.
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Since L∗ and ∂x are exchangable, using product rule, we have∫ T

0

∫
T
u∂x(L

∗φ+ cφ)dxdt =

∫ T

0

∫
T
(f∂xφ+ φu∂xc)dxdt.

Since ∂xu exists by Lemma 5 and f ∈ C0,1, one can use integration by part to have∫ T

0

∫
T
∂xu(L∗ + c)φdxdt =

∫ T

0

∫
T
(∂xf − u∂xc)φdxdt.

Therefore, ∂xu(t, x) = G[c, ∂xf − u∂xc](T − t, x) is the continuous solution of (10).
Therefore, u ∈ C0,1 and the regularity follows by Lemma 5. �

Lemma 7. If c, f ∈ C0,2([0, T ) × T), then there exists unique classical solution
u ∈ C1,2([0, T )× T) of (6) such that

|u|1,2 ≤ Ψ(|c|0,2, |f |0,2)

for some positive increasing function Ψ.

Proof. Using exactly the same procedure in Lemma 6 to (10), one can show that

∂xxu(t, x) = G[c, ∂xxf − 2∂xu∂xc− u∂xxc](T − t, x)

is a continuous function, which is bounded by

|∂xxu|0 ≤ Ψ(|c|0,1, | − u∂xc+ ∂xf |0,1),

which implies |∂xxu|0 ≤ Ψ′(|c|0,2, |f |0,2) for some Ψ′. Together with the original (6),
we also have

|∂tu|0 ≤ |∂xu|0 +
1

2
|∂xxu|0 + |c|0|u|0 + |f |0, (11)

the conclusion follows. �

3.1.3. Sensitivity in coefficients. To facilitate the work below, we define F by

u = F (c, f) (12)

as the solution of (6) with coefficients c and f . Now Lemma 7 can be rephrased as

F is a locally bounded mapping from C0,2 × C0,2 7→ C1,2.

In this part, we are going to prove F is locally Lipschitz continuous.

Lemma 8. F : C0,2 × C0,2 7→ C1,2 is a locally bounded and loaclly Lipschitz contin-
uous mapping.

Proof. Local boundedness is from Lemma 7. For local Lipschitz, we shall prove that,
if |c1|0,2, |f1|0,2, |c2|0,2, |f2|0,2 < K for some constant K > 0, then the corresponding
classical solutions u1 = F (c1, f1) and u2 = F (c2, f2) shall satisfy

|u1 − u2|1,2 ≤ Ψ(K)(|f1 − f2|0,2 + |c1 − c2|0,2). (13)
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for some positive increasing function Ψ. With the probability representation of (7),
one can have direct approximation,

|u1 − u2|0 = |G[c1, f1]−G[c2, f2]|0 ≤ KT 2eKT (|f1 − f2|0 + |c1 − c2|0).

One can carry out the first order estimate similarly by

|∂xu1 − ∂xu2|0 = |G[c, ∂xf1 − u1∂xc1]−G[c2, ∂xf2 − u2∂xc2]|0
≤ KT 2eKT (|(∂xf1 − u1∂xc1)− (∂xf2 − u2∂xc2)|0 + |c1 − c2|0).
≤ Ψ′(K)(|f1 − f2|0,1 + |c1 − c2|0,1)

Repeating the same procedure to

|∂xxu0−∂xxu2|0 = |G[c1, ∂xxf1−2∂xu1∂xc1−u∂xxc1]−G[c2, ∂xxf2−2∂xu2∂xc2−u2∂xxc2]|0
we obtain

|∂xxu0 − ∂xxu2|0 ≤ Ψ′′(K)(|f1 − f2|0,2 + |c1 − c2|0,2).

Finally, one can estimate

|∂tu0 − ∂tu2|0 ≤ Ψ′′′(K)(|f1 − f2|0,2 + |c1 − c2|0,2)

with similar relation to (11). �

Now we are wrapping up and generalize the above results to non-zero initial PDE.
Consider equation {

∂tu = ∂xu+ 1
2
∂xxu− cu+ f, on (0, T )× T

u(0, x) = ψ(x), on x ∈ T (14)

Theorem 9. If we define u = F (c, f, ψ) as the solution of (14), then F is locally
bounded and locally continuous mapping of

F : C0,2([0, T )× T)× C0,2([0, T )× T)× C0,2(T) 7→ C1,2([0, T )× T).

Proof. Setting v(t, x) = u(t, x) − ψ(x), we have v = F (c, ∂xψ + 1
2
∂xxψ − cψ + f).

Then it’s the consequence of Lemma 8. �

We can interpret Theorem 9 as follows.

(1) F (c, f, ψ) are well defined mapping, i.e. If c, f ∈ C0,2([0, T ) × T) and ψ ∈
C0,2(T). then there exists a unique classical solution u ∈ C1,2([0, T ) × T) of
(14).

(2) F is locally bounded, i.e.

If (|c|0,2, |f |0,2, |ψ|0,2) < K, then |u|1,2 ≤ Ψ(K)

for some positive increasing function Ψ.
(3) F is a locally Lipschitz mapping, i.e. If |ci|0,2, |fi|0,2, |ψi|2 < K, then

|u1 − u2|1,2 ≤ Ψ(K)(|f1 − f2|0,2 + |c1 − c2|0,2 + |ψ1 − ψ2|2).

The following type Harnack inequality will be used.
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Corollary 10. If f ≡ 0, ψ ≡ 1, and c ∈ C0,2([0, T )×T), then the solution u of (14)
satisfies the inequality

e−|c|0T < u(t, x) < e|c|0T , ∀(t, x) ∈ [0, T ]× T.

Proof. It follows from the representation for v(t, x) = u(T − t, x) in the form of

v(t, x) = E
[

exp{−
∫ T

t

c(r,X t,x(r))dr}ψ(X t,x(T ))
]
,

where X is given by SDE (8). �

3.2. FPK equation. We study the weak solution of FPK equation on [0, T )× T.{
∂tν(t, x) = −∂x(b(t, x)ν(t, x)) +

1

2
∂xxν(t, x)

ν(0, x) = m0(x).
(15)

Definition 11. ν is said to be a weak solution of FPK, if it satisfies, for any φ ∈
C∞c ([0, T )× T)

〈m0, φ〉+

∫ T

0

〈νt, (∂t + L)φ〉dt = 0,

where

L = b∂x +
1

2
∂xx.

We define an operator F by

ν = F (b) (16)

where ν is the solution of (15) with initialm0 and drift b. We recall that C([0, T ),P1(T))
is the space of all continuous mappings ν : [0, T ) 7→ P1(T) with a metric given by

dist(ν1, ν2) = sup
t
d1(ν1(t), ν2(t)).

Theorem 12. Let m0 ∈ P1. F of (16) is a locally Lipschitz continuous mapping
from C([0, T )× T) to C([0, T ),P1(T)), that is, if |b1|0 + |b2|0 < K then

sup
t
d1(ν1(t), ν2(t)) ≤ Ψ(K)|b1 − b2|0.

Moreover, ν = F (b) satisfies,

d1(ν(t), ν(s)) ≤ (1 +
√
T |b|0)|t− s|1/2, (17)

sup
t

∫
T
|x|ν(t, dx) ≤

∫
T
|x|m0(dx) + |b|0T +

√
T . (18)
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Proof. If |b|0 <∞ and m0 ∈ P1, then

X(t) = X(0) +

∫ t

0

b(s,Xs)ds+W (t), X(0) ∼ m0.

has a unique solution. It’s the use of Ito formula to verify the definition of the weak
solution to conclude that ν(t) = Law(X(t)) is the weak solution of (15), see [3]. (17)
also follows from [3].

Next, (18) follows from

sup
t

E|Xt| ≤ E|X0|+ |b|0T +
√
T .

Let’s assume |b1|0 + |b2|0 < K and ν1 and ν2 are corresponding solution of (15).
We denote by X1 and X2 the solutions of SDE above. Note that

E|X1(t)−X2(t)| ≤ E
∫ t

0
|b1(s,X1(s))− b2(s,X2(s))|ds

≤ |b1 − b2|0T +K
∫ t

0
E[|X1(s)−X2(s)|]ds

we can use the Gronwall’s inequality to have

E|X1(t)−X2(t)| ≤ |b1 − b2|0TeKT .

Therefore, we can have local Lipschitz of F from

d1(ν1(t), ν2(t)) ≤ E|X1(t)−X2(t)| ≤ |b1 − b2|0TeKT .

�

Indeed, (17) and (18) of Theorem 12 says that F is indeed a locally bounded
mapping from C([0, T ]× T) to Hölder space C1/2([0, T ],P1(T)), i.e.

|F (b)|0.5 ≤ Ψ(|b|0)

with definition

|ν|0.5 = sup
t

∫
T
|x|ν(t, dx) + sup

t6=s

d1(ν(t), ν(s))

|t− s|1/2
, ∀ν ∈ C1/2([0, T ],P1(T)).

However, C1/2([0, T ],P1(T)) is a metric but not a normed space and |ν|0.5 shall be
interpreted properly. We do not pursue this issue here, since it does not affect our
paper.
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4. Existence

We return to GMFG.
First observe that, by using the cost form of (3), the triple (v, a∗, µ) is the solution

of (5) if and only if the pair (v, µ) is the solution of HJB equation{
∂tv(t, x̄) + b1∂xv(t, x̄)− 1

2
b2

2(∂xv)2(t, x̄) +
1

2
∂xxv(t, x̄) + `1(µ(t), g, x̄) = 0.

v(T, x̄) = 0.
(19)

coupled with FPK equation{
∂tµ(t, x̄) = −∂x((b1 − b2

2∂xv(t, x̄))µ(t, x̄)) +
1

2
∂xxµ(t, x̄)

µ(0, x̄) = m0(x̄).
(20)

We outline our approach to the existence as follows. We define an operator

ν = Φ(µ) = Φ2 ◦ Φ1(µ)

as

(1) ∂xv = Φ1(µ), where v is the solution of (21) with given µ.{
∂tv(t, x̄) + b1∂xv(t, x̄)− 1

2
b2

2(∂xv)2(t, x̄) +
1

2
∂xxv(t, x̄) + `1(µ(t), g, x̄) = 0.

v(T, x̄) = 0.
(21)

(2) ν = Φ2(v̄) be the function solving (22) with the given v̄.{
∂tν(t, x̄) = −∂x((b1 − b2

2v̄)ν(t, x̄)) +
1

2
∂xxν(t, x̄)

ν(0, x̄) = m0(x̄).
(22)

The existence of the solution for GMFG can be accomplished by Schauder’s fixed
point theorem in an appropriate space to be mentioned below.

4.1. The space of two-time processes valued in P1. Consider S0 = C([0, T ]×
[0, 1],P1(T)) with a metric

ρ(µ1, µ2) = sup
t,α

d1(µ1(t, α), µ2(t, α)). (23)

Different measure valued process in the tradition MFG, if ν ∈ S0, it is indeed a P1

valued process on two dimension time domain [0, T ]× [0, 1]. We set

|µ|0 = sup
t,α

∫
T
|x|µ(t, α, dx).

One can verify that |µ|0 = ρ(µ, δ̄0), where

δ̄0(t, α) ≡ δ0, ∀(t, α).
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We denote by Br ⊂ S0 the closed ball of radius r centered δ̄0 ∈ S0, i.e.

Br = {µ ∈ S0 : |µ|0 ≤ r}.
If we further define

Br,κ = {µ ∈ Br : sup
α
d1(µ(t1, α), µ(t2, α)) < κ|t1 − t2|1/2}, (24)

then Br,κ is compact in Br for any r,K > 0 by generalized version of Arzelà–Ascoli
theorem, see P232 of [13]. Summarizing the above,

(1) (S0, ρ) is a convex closed metric space,
(2) Br is a closed convex bounded subset, but it’s not compact in (S0, ρ),
(3) Br,κ is a compact, but not closed subset in (S0, ρ).

4.2. Assumptions.

A 1. (1) b2 6= 0
(2) The graphon g is Lipschitz.

We pose the following assumptions for the cost function `1. Throughout the paper,
since g will be a priori given Lipschitz function, we will compress g by writing

`1(m, g, α, x) = `1(m,α, x).

For convenience, we will write

`1[m](α, x) = `1(m,α, x) = `1(m, g, α, x).

A 2. The mapping m 7→ `1[m] is a uniformly bounded and Lipschitz continuous
mapping from C([0, 1],P1) to C0,2([0, 1]× T,R), that is

|`1[m]|0,2 < M,

|`1[m1]− `1[m2]|0,2 ≤M sup
α
d1(m1(α),m2(α)),

for some M > 0 (may dependent to |g|0).

We can check the assumptions being valid with our examples.

Lemma 13. Let `2 ∈ C2,2(T2,R) and g ∈ C1.0([0, 1]2,R). Then, the cost `1 of (4)
satisfies Assumption 2.

Proof. We have
|`1|0 ≤ |`2|0|g|0,
|∂x`1|0 ≤ |∂x`2|0|g|0,
|∂xx`1|0 ≤ |∂xx`2|0|g|0,

|`1(m1, g)− `1(m2, g)|0 ≤ |∂y`2|0|g|0 sup
α
d1(m1(α),m2(α)),
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|∂x(`1(m1, g)− `1(m2, g))|0 ≤ |∂y∂x`2|0|g|0 sup
α
d1(m1(α),m2(α)),

|∂xx(`1(m1, g)− `1(m2, g))|0 ≤ |∂y∂xx`2|0|g|0 sup
α
d1(m1(α),m2(α)).

�

4.3. Operator Φ1. Recall that ∂xv = Φ1(µ), where v is the solution of (21) with
given µ ∈ S0. Since b2 6= 0, by Hopf-Cole transform v is the solution of (21) if and
only if

w = exp{−b2
2v} (25)

is the solution of{
∂tw + b1∂xw + 1

2
∂xxw − b2

2w`1(µ(t), x̄) = 0 on (t, x̄) ∈ (0, T )× [0, 1]× T
w(T, x̄) = 1 on [0, 1]× T.

(26)
Note that, we have the following relation by chain rule:

∂xv = −b−2
2

∂xw

w
, ∂xxv = −b−2

2

w∂xxw − (∂xw)2

w2
.

Since w appears in the denominator, Harnack inequality will be useful.

4.3.1. Estimates of parameterized PDEs. We define

w = G(f) (27)

by the solution of{
∂tw + b1∂xw + 1

2
∂xxw − wf = 0 on (t, x̄) ∈ (0, T )× [0, 1]× T

w(T, x̄) = 1 on [0, 1]× T. (28)

If we denote
ˆ̀
1[µ](t, α, x) = b2

2`1(µ(t), α, x), (29)

then, w = G(ˆ̀
1[µ]) is the solution of (26).

Lemma 14. G is a locally bounded and locally Lipschitz continuous mapping from
C0,0,2 to C1,0,2.

Proof. Given f1, f2 ∈ C0,0,2 with |f1|0,0,2 + |f2|0,0,2 < K, we can use Theorem 9 (2)
to obtain local Lipschitz

|w1 − w2|1,0,2 = supα |w1(α)− w2(α)|1,2
≤ supα Ψ(K)|f1(α)− f2(α)|0,2
≤ Ψ(K)|f1 − f2|0,0,2.

The boundedness is from Theorem 9 (1) as follows:

|w|1,0,2 = sup
α
|w(α)|1,2 ≤ sup

α
Ψ(|f(α)|0,2) = Ψ(sup

α
|f(α)|0,2) = Ψ(|f |0,0,2).
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In the above, we used the monotonicity of Ψ(·) to switch Ψ and sup. �

4.3.2. Φ1 estimate. Next we will identify the regularity of ˆ̀
1[µ] as of C0,0,2. Note

that if µ is in S0, the regularity of t 7→ µ(t) is no better than continuity and t 7→
ˆ̀
1[µ](t, α, x) can not be Hölder.

Lemma 15. The mapping µ 7→ ˆ̀
1[µ] is a uniformly bounded globally Lipstchiz con-

tinuous mapping from S0 to C0,0,2, that is

|ˆ̀1[µ1]− ˆ̀
1[µ2]|0,0,2 ≤Mρ(µ1, µ2)

|ˆ̀1[µ]|0,0,2 < M

with M given by Assumption 2.

Proof. For µ ∈ S0, we can use uniform boundedness of Assumption 2 to obtain

|ˆ̀1[µ]|0,0,2 = sup
t
|ˆ̀1[µ(t)]|0,2 ≤ sup

t
b2

2M = b2
2M.

For µ1, µ2 ∈ S0, we can use Lipstchiz continuity of Assumption 2 to obtain

|ˆ̀1[µ1]− ˆ̀
1[µ2]|0,0,2 = supt |ˆ̀1[µ1(t)]− ˆ̀

1[µ2(t)]|0,2
≤ b2

2M supt supα d1(µ1(t, α), µ2(t, α))
= b2

2Mρ(µ1, µ2).

�

Lemma 16. The Φ1 is a uniformly bounded and continuous mapping from S0 to
C0,0,1([0, T ]× [0, 1]× T).

Proof. For any µ ∈ S0, ˆ̀
1[µ] of (29) is uniformly bounded by M in C0,0,2 by Lemma

15. Corollary 10 says w = G(ˆ̀
1[µ]) is bounded between two positive numbers related

to |ˆ̀1[µ]|0, which is b2
2M . Together with Lemma 14, we have

|w|1,0,2 + |w−1|0 < Ψ(M).

Next, we can prove that Φ1 is uniformly bounded:

|Φ1(µ)|0 = |∂xv|0 = b−2
2 |w−1∂xw|0 ≤ b−2

2 |w−1|0|∂xw|0 ≤ b−2
2 |w−1|0|w|1,0,2 ≤ Ψ(M).

|∂xΦ1(µ)|0 = b−2
2 |

w∂xxw − (∂xw)2

w2
|0 ≤ Ψ(|w|0,0,2 + |w−1|0) ≤ Ψ(M).
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We will show the global Lipschitz condition now. It will be shown by the estimates
on |Φ1(µ1)− Φ1(µ2)|0 and |∂x(Φ1(µ1)− Φ1(µ2))|0 separately.

|Φ1(µ1)− Φ1(µ2)|0 = b−2
2 |w−1

1 ∂xw1 − w−1
2 ∂xw2|0

= b−2
2 |

w2∂xw1 − w1∂xw2

w1w2

|0
≤ Ψ(M)(|w2|0|∂xw1 − ∂xw2|0 + |∂xw2|0|w1 − w2|0)
≤ Ψ(M)|w1 − w2|0,0,1
≤ Ψ(M)|ˆ̀1[µ1]− ˆ̀

1[µ2]|0,0,2
≤ Ψ(M)ρ(µ1, µ2).

In the last two steps, we used Lipschitz continuity obtained by Lemma 14 and 15.

|∂x(Φ1(µ1)− Φ1(µ2))|0 = |w2∂xxw1 − w1∂xxw2

w2
1w

2
2

|0
≤ Ψ(M)|w1|0,0,2|w1 − w2|0,0,2
≤ Ψ(M)|ˆ̀1[µ1]− ˆ̀

1[µ2]|0,0,2
≤ Ψ(M)ρ(µ1, µ2).

Once again, in the last two steps, we used Lipschitz continuity obtained by Lemma
14 and 15. �

4.4. Operator Φ2. We define ν = F (θ) defined by the solution of{
∂tν(t, x̄) = −∂x(θ(t, x̄)ν(t, x̄)) +

1

2
∂xxν(t, x̄)

ν(0, x̄) = m0(x̄).
(30)

Then, we recall that Φ2(v̄) = F (b1− b2
2v̄). We also recall that, (S0, ρ) is the space of

continuous the two-time process valued in P1 defined by (23), and Br,κ is a compact
subset of closed ball Br with additional equicontinuous condition given by (24).

Lemma 17. Φ2 is a continuous mapping from C0,0,1 to S0. Moreover, there exists
an increasing positive function Ψ such that, for any K > 0,

Φ2(v̄) ∈ BΨ(K),Ψ(K),∀|v̄|0,0,1 < K.

Proof. For the continuity of Φ2, given v̄1, v̄2,∈ C0,0,1 with |v̄1|0,0,1, |v̄2|0,0,1 < K, we
set θi = b1 − b2

2v̄i and νi = F (θi) = Φ2(v̄i) for i = 1, 2. This leads to

|θ1|0,0,1 + |θ2|0,0,1 < 2|b1|+ b2
2K.



GMFG 15

Then, we use the local Lipschitz continuity obtained in Theorem 12 to obtain

ρ(ν1, ν2) = sup
t,α

d1(ν1(t, α), ν2(t, α))

= sup
α

sup
t
d1(ν1(t, α), ν2(t, α))

≤ sup
α

Ψ(2|b1|+ b2
2K)|θ1(α)− θ2(α)|0

≤ Ψ(K)|v̄1 − v̄2|0
≤ Ψ(K)|v̄1 − v̄2|0,0,1.

Next, we will show Φ2 is locally bounded. Given v̄ ∈ C0,0,1, we set θ = b1 − b2
2v̄

and ν = F (θ) = Φ2(v̄). Applying (18) of Theorem 12, it yields that

supt,α
∫
T |x|ν(t, α, dx) = sup

α
sup
t

∫
T
|x|ν(t, dx)

≤ sup
α

(∫
T
|x|m0(α, dx) + |θ(α)|0T +

√
T
)

≤ Ψ(|v̄|0)

Therefore, ν ∈ BΨ(|v̄|0) holds.
At last, we check that equicontinuity again by (17) of Theorem 12.

supt1,t2,α d1(ν(t1, α), ν(t2, α)) ≤ sup
α

(1 +
√
T |θ(α)|0)|t1 − t2|1/2

≤ Ψ(|v̄|0)|t1 − t2|1/2

This proves v ∈ BΨ(|v̄|0),Ψ(|v̄|0). �

4.5. Existence by Schauder’s fixed point theorem.

Theorem 18. Suppose Assumptions 1 - 2 are valid. Then, there exists a solution of
(5) in the space C([0, T ]× [0, 1],P1(T))× C1,0,2([0, T ]× [0, 1]× T).

Proof. Recall that S0 = C([0, T ]× [0, 1],P1(T)). We also have the following facts.

(1) By Lemma 16, Φ1 : S0 7→ C0,0,1([0, T ]× [0, 1]×T) is continuous and uniformly
bounded, i.e.

|Φ1(µ)|0 < Ψ1(M), ∀ν ∈ S0

for some positive increasing function Ψ1.
(2) By Lemma 17, Φ2 : C0,0,1([0, T ]× [0, 1]× T) 7→ S0 is continuous and

Φ2(v̄) ∈ Br,κ ⊂ S0, ∀|v̄|0,0,1 < Ψ1(M),

where

κ = r = Ψ2(Ψ1(M)).

Since Br,κ is compact in S0, the fixed point for Φ exists by Schauder’s theorem. �
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5. Uniqueness of GMFG

A 3. For m1 6= m2 ∈ C([0, 1],P1), the following inequality holds

sup
α∈[0,1]

〈`1(m1, g, x̄)− `1(m2, g, x̄),m1 −m2〉 > 0.

Recall that

〈f(α, x), g(α, x)〉 =

∫
T
f(α, x)g(α, x)dx.

Theorem 19. Suppose Assumptions 1 - 2 and 3 are valid. Then, there exists a
unique solution of (5) in the space C([0, T ]× [0, 1],P1(T))×C1,0,2([0, T ]× [0, 1]×T).

Proof. For i = 1, 2, let (vi, µi) be two different solutions, and set

v̄ = v1 − v2, µ̄ = µ1 − µ2.

Note that v̄( T ) = m̄( 0) = 0 for all (α, x) by their given initial-terminal data. We
also write `1(µ) : (t, α, x) 7→ `1(µ(t), g, α, x) for simplicity. Then, v̄ satisfies

∂tv̄ + b1∂xv̄ +
1

2
∂xxv̄ −

1

2
b2

2(|∂xv1|2 − |∂xv2|2) + `1(µ1)− `2(µ2) = 0

and µ̄ satisfies

−∂tµ̄− b1∂xµ̄+ b2
2∂x(µ1∂xv1 − µ2∂xv2) +

1

2
∂xxµ̄ = 0.

The above two equations can be rewritten by

〈∂tv̄ + b1∂xv̄ +
1

2
∂xxv̄ −

1

2
b2

2(|∂xv1|2 − |∂xv2|2) + `1(µ1)− `1(µ2), µ̄〉 = 0

and µ̄ satisfies

〈µ̄, ∂tv̄ + b1∂xv̄ +
1

2
∂xxv̄〉 − 〈µ1∂xv1 − µ2∂xv2, b

2
2∂xv̄〉 = 0,

separately. By subtracting above two equations, we obtain

b2
2〈

1

2
(µ1 + µ2), |∂xv̄|2〉+ 〈`1(µ1)− `1(µ2), µ̄〉 = 0.

The first term is non-negative and the second term is strictly positive for some
α ∈ [0, 1], which implies the contradict.

�
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